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1
von Neumann-
Jordan James . Jordan-von Neumann [8]
1935 \Delta
$X$
$\frac{1}{2}\leq\frac{||x+y||^{2}+||x-y||^{2}}{2(||x||^{2}+||y||^{2})}\leq 2$ $\forall(x,$ $y)\neq(0,0)$
1937 Clarkson [5] von Neumann-
Jordan ( $\mathrm{N}\mathrm{J}$ )
1 $X$ $X$ NJ $C_{\mathrm{N}\mathrm{J}}(X)$
$\frac{1}{C}\leq\frac{||x+y||^{2}+||x-y||^{2}}{2(||x||^{2}+||y||^{2})}\leq C$ $\forall(x, y)\neq(0,0)$
$\mathrm{C}$
$C_{\mathrm{N}\mathrm{J}}(X)= \sup_{x(,y)\neq(0,0)}\frac{||x+y||^{2}+||x-y||^{2}}{2(||x||^{2}+||y||^{2})}$
1(i) $X$ I\leq CNJ(X)\leq 2 $X$
$C_{\mathrm{N}\mathrm{J}}(X)=1$
(ii) $1\leq p\leq\infty$, $\mathrm{d}$im $L_{p}\geq 2$ $C_{\mathrm{N}\mathrm{J}}(L_{p})=2^{2/\min\{pd1-1}$ ,
$1/p+1/p’=1$ .
James[7]
2 $X$ $S(X)=\{x\in X : ||x||=1\}$ $X$
unifomly non-squaoe $\delta>0$ $||(x-y)/2||>1-\delta$
$x,$ $y\in S$(X) $||(x+y)/2||\leq 1-\delta$
1365 2004 33-40
34
GaO-Lau [6] uniformly non-squareness
3 $X$ $X$ James(non-squax) $J$ (X)
$J(X)= \sup$ {$\min(||x+y||,$ $||$x-y$||$ ) : $x,$ $y\in S(X)$ },
2(i) $X$ $\sqrt$2\leq J(X)\leq 2
$J(X)=\sqrt{2}$
$(\mathrm{i}\mathrm{i})1\leq p\leq\infty,$ $1/p+1/p’=1$ $\dim L_{p}\geq 2$ $\text{ }$. $J(L_{p})=$
$\max\{2^{1/p}, 2^{1/p’}\}$
(iii) $J(X)<2$ $X$ unifomly non-squaoe
SaitO-KatO-Takahashi [12]
$\mathbb{C}^{2}$ absolute normalized $\mathrm{N}\mathrm{J}$
[13] $\mathbb{C}^{n}$ absolute normalized $\text{ }$
uniformly non-squareness smoothness
$\mathbb{R}^{2}$ absolute James GaO-Lau[6]
2 James
absolute ( ) $\mathbb{R}^{2}$ James
$\ell_{p}$ James
2 Lorentz $\mathrm{N}\mathrm{J}$ James
absolute $\mathbb{R}^{2}$ $\mathrm{N}\mathrm{J}$ James
2 $\mathbb{R}^{2}$ absolute
4 $|$ | $\Gamma|$ | $\mathbb{R}^{2}$
(i) $||\cdot|$ |5’ absolute $x_{1},$ $x_{2}\in \mathbb{R}$ $||(|x_{1}|, |x_{2}|)||=||(x_{1}, x_{2})||$




$(|x_{1}|^{p}+|x_{2}|^{p})^{1/p}$ if $1\leq p<\infty$ ,
max(|xl x2|) if $p=\infty$ .
35
$AN_{2}$ $\mathbb{R}^{2}$ absolute normalized $||$ $||\in AN_{2}$
$\psi(t)=||$ (1-t, $t$) $||(0\leq t\leq 1)$ (1)
$\psi$ $[0,1]$ $\psi(0)=\psi(1)=1$ $\max\{1-t,t\}\leq\psi(t)\leq$
$1(0\leq t\leq 1)$ 2
$\psi\in\Psi_{2}$
$||$ (x1, $x_{2}$) $||_{\psi}=\{$
$(|x_{1}|+|x_{2}|)\psi(_{\overline{|x_{1}}|+|x_{2}|}^{\ovalbox{\tt\small REJECT} x_{2}})$ if $(x_{1},x_{2})\neq(0,0)$ ,
0 if $(x_{1},x_{2})=(0,0)$
$||$ $||\psi\in AN_{2}$ (1) $AN_{2}$ $\Psi_{2}$ 1 1
( Bonsall-Duncan [2] ) $\ell_{p}$ $||1|$ |p
$\psi_{p}$
$\psi_{p}(t)=\{$
$((1-t)^{p}+t^{p})^{1/p}$ if $1\leq p<\infty$ ,
$\max(1-t, t)$ if $p=\infty$
$\ell_{p}$ absolute





$C_{\mathrm{N}\mathrm{J}}$ $(( \mathbb{R}^{2}, || ||\psi))=\max_{0\leq t\leq 1}\frac{\psi(t)^{2}}{\psi_{2}(t)^{2}}(resp.$maFA $\frac{\psi_{2}(t)^{2}}{\psi(t)^{2}})$ .
(ii) $\psi$ $t=1/2$ $M_{1}= \max_{0\leq t\leq 1}\psi(t)/\psi_{2}(t)$ $M_{2}=$
$\max_{0\leq t\leq 1}\psi_{2}(t)/\psi(t)$ $t=1/2$
$C_{\mathrm{N}\mathrm{J}}$ $((\mathbb{R}^{2}, ||. ||_{\psi}))=M_{1}^{2}M_{2}^{2}-$ .
2 Lorentz $0<\omega\leq 1,1\leq q<\infty$
$\text{ }$ $||$ $||_{\{\mathit{0},q}$
$\mathbb{R}^{2}$ 2 Lorentz $d^{(2)}$ $(\omega, q)$
$||$x $||_{\omega}$ ,$q=(x_{1}^{*q}+\omega x_{2}^{*q})^{1/q},$ $x=(x_{1},x_{2})\in \mathbb{R}^{2}$ ,
$x_{1}^{*}= \max$ ( $|x_{1}|,$ $|$ x2|), $x_{2}^{*}= \min(|x_{1}|, |x_{2}|)_{\text{ }}$ KatO-Maligranda [10]
$\mathrm{N}\mathrm{J}$
2([10]) (i) $q\geq 2$
$C_{\mathrm{N}\mathrm{J}}$ $(( \mathbb{R}^{2}, ||\cdot||,,q))=2(\frac{1}{1+\omega}$)
2/q
36
(ii) $1\leq q<2$ $\omega\geq 2^{q/2}-1$
$C_{\mathrm{N}\mathrm{J}}((\mathbb{R}^{2}, ||7||_{\omega,q}))=(1+\omega^{2/(2-q)})^{2/q-1}$
$\omega<2^{q/2}-1$
$C_{\mathrm{N}\mathrm{J}}$ $(( \mathbb{R}^{2}, ||. ||_{\omega,q}))=2(\frac{1}{1+\omega}$) $2/q(1+\omega^{2/(2-q)})^{2/q-1}$




$((1-t)^{q}+\omega t^{q})^{1/q}$ if $0\leq t\leq 1/2$ ,
$(t^{q}+\omega(1-t)^{q})^{1/q}$ if $1/2\leq t\leq 1$ .
$\psi_{\omega,q}^{2}/\psi_{2}^{2}$ $\psi_{2}^{2}/\psi_{\omega,q}^{2}$ $\mathrm{N}\mathrm{J}$
([n])
3 $\mathbb{R}^{2}$ absolute James
$X$ \Delta $x\in S$(X) $\alpha(x)_{\text{ }}\beta$ (x)
$\alpha(x)=\inf\{\max(||x+y||, ||x-y||) : y\in S(X)\}$ ,
$\beta(x)=\sup\{\min(||x+y||, ||x-y||) : y\in S(X)\}$
$g(X)= \inf\{\alpha(x) : x\in S(X)\},$ $G(X)= \sup\{\alpha(x) : x\in S(X)\}$
$j(X)= \inf\{\beta(x) : x\in S(X)\},$ $J(X)= \sup\{\beta(x) : x\in S(X)\}$
3([6]) $X_{2}$ 2 \Delta $x\in S$ (X2)
$(\mathrm{i})||y+x||=||y-x||$ $y\in S$(X2) $\alpha(x)=||y+x||=$
$||y-x||$




(i) $g(X)\leq G(X)\leq J(X),$ $g(X)\leq j(X)\leq J(X)$ .




(i) $2\leq p<\infty$ $g(\ell_{p})=j(\ell_{p})=G(\ell_{\mathrm{p}})=2^{1/p}$ . $J(\ell_{p})=2^{1/q}$ .
(ii) $1\leq p<2$ $g(\ell_{p})=2^{1/q},$ $j(\ell_{p})=G(\ell_{p})=J(\ell_{p})=2^{1/p}$ .
$L_{p}$ 3 2
James
1 ([6]) (i) $S$ (X2) $J(X_{2})=G(X_{2})=2,$ $g(X_{2})=j(X_{2})=1$ .
(ii) $S$ (X2) $J(X_{2})=G(X_{2})=g(X_{2})=j(X_{2})=\sqrt{2}$.
(ii) $x\in S$ (X2) $x$
$45^{\text{ }}$
$x_{1},$ $x_{2},$ $x_{3}\in S$(X2)
$||$X$2\pm X||=||$X$3\pm X1||$
3(i) \mbox{\boldmath $\alpha$}(x)=\mbox{\boldmath $\alpha$}(x3) 3 (iii) , $\alpha^{2}$ (X)=\mbox{\boldmath $\alpha$}(X)\mbox{\boldmath $\alpha$}(X3)=2
$\alpha(x)=\sqrt{2}\circ$ $g(X_{2})=J(X_{2})=\sqrt{2}$
[6] $\mathrm{J}(\mathrm{X})$ convexity modulus $0<\epsilon\leq 2$
$X$ convexity modulus $\delta(\epsilon)$
$\delta(\epsilon)=\inf\{1-\frac{1}{2}||x+y||$ : $x,$ $y\in S(X),$ $||$x-y$||\geq\epsilon$ }
$X$ uniformly convex $\epsilon>0$ $\delta(\epsilon)>0$
6([6]) $X$ \Delta
$J(X)= \sup\{\epsilon$ : $\delta(\epsilon)\leq 1-\frac{\epsilon}{2}\}$
$J$(X) $\mathbb{R}^{2}$ absolute
James symmetric $x,$ $y\in$
$\mathbb{R}$ $||(x,y)||=||(y,$ $x$ I| James .
38
3 $\psi\in\Psi_{2}$ $t=1/2$ $||$ ) $||\psi$ symmetric
$J(( \mathbb{R}^{2}, || ||_{\psi}))=\max_{t0\leq\leq 1/2}\frac{2-2t}{\psi(t)}\psi(\frac{1}{2-2t})$
$\ell_{p}$ GaO-Lau [6] Clarkson 2
3 James
$f(t)= \frac{2-2t}{\psi_{p}(t)}\psi_{p}(\frac{1}{2-2t})$
$1\leq p\leq 2$ t $=0$ $p\geq 2$ t $=1/2$






$1/\beta$ if $1/2\leq\beta\leq 1/\sqrt{2}$ ,
$2\beta$ if $1/\sqrt{2}\leq\beta\leq 1$
2 Lorentz KatO-Maligranda [10]
$q\geq 2$ James $X$
$J(X)^{2}/2\leq C_{NJ}(X)$




$q\geq 2$ $1\leq q<2$ $\psi_{\omega,q}$
3
38
5(i) $1\leq q<2$ $0<\omega\leq-1+\sqrt{2}$
$J$ (($\mathbb{R}^{2},$ $||\cdot|$L,$q)$ ) $=2( \frac{1}{1+\omega})^{1/q}$
(ii) $q=1$ $\omega>-1+\sqrt{2}$
$J$ (($\mathbb{R}^{2},$ $||$ . $|$L,$q)$ ) $=1+\omega$ .
4 Absolute $\mathrm{N}\mathrm{J}$ James
KatO-Maligranda-Takahashi [9] -\Re $\mathrm{N}\mathrm{J}$ James
7([9]) $X(\dim X\geq 2)$
$J(X)^{2}/2\leq C_{NJ}(X)\leq J(X)^{2}/((J(X)-1)^{2}+1)$ .
$X$ . $L_{p}$ , $1\leq p\leq\infty$ uniformly non-square $\phi 1$
$J(X)^{2}/2=C_{NJ}$ (X) [9] $J(X)^{2}/2<C_{NJ}$ (X)
2 $\mathbb{R}^{2}$ $1_{1}$-p $||$ $|$ |
$||$ $(x, y)||=\{$
$||$ (x, $y$ ) $||_{\infty}$ if $x_{1}$x$2\geq 0$ ,
$||$ (x, $y$ ) $||_{1}$ if $x_{1}x_{2}\leq 0$
$\frac{1}{2}J((\mathbb{R}^{2}, || ||))^{2}=9/8<5/4\leq C_{\mathrm{N}\mathrm{J}}((\mathbb{R}^{2}, ||. ||))$
$(\mathbb{R}^{2}, ||\}||\psi)$ $\mathrm{N}\mathrm{J}$ James
$C_{\mathrm{N}\mathrm{J}}((\mathbb{R}^{2}, ||\cdot||\psi))=J((\mathbb{R}^{2}, ||\cdot||_{\psi}))^{2}/2$ $\psi\in\Psi_{2}$
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